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Topologically optimized granular-solid structures from additive manufacturing processes
have impending applications as lightweight load bearing structures. To facilitate applica-
tion, a procedure for characterizing optimal structural performance is devised for the
design optimization of ‘end-use’ functional structures. An approach capable of realizing
this objective is presented and demonstrated for horizontal prismatic beams produced
from Nylon-12 granular-solid polymer, by Selective Laser Sintering (SLS). It combines
topology (or layout) optimization, calibration of material parameters, and ﬁnite element
(FE) modelling. The metamorphic development (MD) method forms the basis of an adap-
tive growth and degeneration optimization by material distribution approach. Experimen-
tal measurements are used to calibrate a bimodulus constitutive Drucker–Prager (D–P)
model. Simply-supported three-point bending (3PB) tests are used to assess the ﬁdelity
of optimized beams on the basis of numerically predicted performance.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Granular-solid structures are commonly encountered in structural engineering applications. In fact, granular-solid mate-
rials (i.e. concretes) are the primary build material used in the construction industry, for structural elements such as, beams
(Rabczuk et al., 2005), columns (Chen and Atsuta, 1973), slabs (Janas, 1968) and walls (Al-Mosawi and Saka, 1999). Hence, it
is important that optimal designs are determined, to ensure optimum performance for both application and manufacturing
purposes. Over the last two decades, studies on the design optimization of granular-solid prismatic beams have received
considerable attention. Prakash et al. (1988); Ezeldin (1991); Quiroga and Arroyo (1991); Erbatur et al. (1992); Al-Gahtani
et al. (1995); Kim and Kim (2000); Lepš and Šejnoha (2003); Barakat et al. (2003); Govindaraj and Ramasamy (2005) and
Kwak and Noh (2006) attempted to seek optimal shape of beam cross-sections. They highlighted the potential savings in
material, either directly or indirectly through various optimization techniques analogous to shape and sizing methods. How-
ever, design solutions provided were far from optimal. Prismatic beams with constant lateral cross-sections are almost al-
ways overdesigned (Beer and Johnston, 1992). Considerable savings in material may be realized, without compromising
strength, when alternate topologies (or layout) are explored. Knowing that bending and shear varies along the length of a
loaded beam, materials which undergo stresses relatively lower than the allowable limit may be removed. In addressing such
generalized layout design problems, topology optimization was seen as the more efﬁcient method, as opposed to shape and
sizing approaches (Mota Soares et al., 1984; Gracia and Doblare, 1988).
The MBB beam (Messerschmitt-Bölkow-Blohm) was one of the most widely studied layout optimization problems. Early
design solutions were given by Olhoff et al. (1991) and Zhou and Rozvany (1991), by the CAOS (computer aided optimization. All rights reserved.
ax: +44 1482 466664.
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(evolutionary structural optimization), and Kim et al. (2000) using a ﬁxed-grid ESO. However, they emphasized more on the
theoretical framework of the respective optimization methodologies, than on materials and manufacturing, in which, are of
equal importance in any structural optimization study. Despite the developments and advancements of various generalized
layout methods (Bendsøe and Kikuchi, 1988; Baumgartner et al., 1992; Anagnostou et al., 1992; Xie and Steven, 1993; Chap-
man et al., 1994; Liu et al., 2000), investigations on the performance viability and application of optimized granular-solid
beams for ‘end-use’ purposes were scarce. The beneﬁts of optimized structures are seldom realized, often due to geometric
complexities, which restrict the necessary tooling access required by convectional subtractive-based manufacturing.
Chang and Tang (2001) and Ngim et al. (2007) demonstrated the design optimization for manufacturability, by collective
technologies known as rapid manufacturing (RM), which offered the ability to produce optimized structures of virtually any
geometric complexity (Wohlers, 2004). This current study was motivated by the applications of RM-based technologies, such
as contour crafting (Khoshnevis, 2004) and freeform construction (Pegna, 1997; Buswell et al., 2007) which formed the basis
of enabling technologies to address additive manufacturing solutions envisaged for future construction applications. With
the developments in topology optimizationmethods capable of generating ‘nonconceptual’ ﬁnal design solutions, conﬁdence
has grown in their ability to enhance the efﬁciency of design/optimization to manufacture. Hence, applications of both RM
and topology optimization can be seen as complementary.
This paper extends the use of the MD method, to ﬁnd an optimal layout for a granular-solid horizontal prismatic beam,
under simply-supported bending. The material under consideration is a consolidated granular-solid SLS Nylon-12 polymer.
The salient features of its mechanical behavior under uniaxial tension/compression, which resembled that of concretes (or
geomaterials), was considered. In terms of material selection, the granular-solid characteristics of SLS Nylon-12 make it a
good substitute for plain concrete materials. Concretes were not favored, primarily due to the lack of AMT-based processes
of comparative features to current additive processes. The selection of SLS Nylon-12, as the candidate material, was attrib-
uted to the features of the SLS process in producing geometrically and dimensionally accurate structures, which strength is
ideally suited for the load spectrum used in this investigation. Structures optimized using the generalized layout methods
are often geometrically complex, additive manufacturing processes was seen as the only viable way for the manufacturing
of topologically optimized structures to be realized. Also, SLS is one of the few RM processes used for production and func-
tional parts (Wohlers, 2004). Subtractive and formative manufacturing methods are not feasible because complex internal
geometries do not permit the access of cutting tools. Finally, FE modeling and 3PB tests were used to assess the structural
responses of the initial and optimized beams. The performance attributes of the optimization were highlighted through
quantitative and qualitative comparisons.
2. Material selection
2.1. Generalities of SLS Nylon-12 granular-solid material
A comprehensive study on the material properties of SLS Nylon-12 is provided by Zarringhalam et al. (2006), Ajoku et al.
(2006); Hague et al. (2004, 2003) and Tontowi and Childs (2001). SLS is a commonly used technique in RM, where solid parts
are produced using a CO2 laser to selectively sinter individual layers of material in a powder form (i.e. polymers, metals,
ceramics, etc.). SLS is available from two different manufacturers, 3D Systems and EOS (Wohlers, 2004). Prior to the build
process, a CAD model of the solid part has to be created and then processed, which include ‘slicing’ the CAD model into
0.1–0.15 mm thick 2D cross-sectional layers. Then, the electronic data of the part is sent to a SLS machine for building
according to the process steps described in Table 1. Following the build, the ﬁnished part is removed from the ‘unsintered’
powder. The loose particles are brushed and/or sprayed off gently using compressed air in a parts post-processing unit. The
literature on the SLS process is voluminous; some of the good reviews are given by Wohlers (2004) and Cooper (2001).
The focus of this study on SLS Nylon-12 is driven by the requirement to identify granular materials from an additive man-
ufacturing process. In the unsintered form, it is classed as a granular powder, with an average particle size of approximately
58 lm. SLS Nylon-12 granular-solids are produced by particle sintering of Nylon-12 powders at high temperatures
(184 C). Solid bridges arise when particles come into contact, at temperatures high enough to cause the surfaces to melt,
resulting in mutual molecular diffusion at the points of contact to form sintered bridges. Two types of bonds can be distin-
guished in unsintered and sintered form; friction and cohesive bonds. A comprehensive review on the mechanics of frictionTable 1
General description of the build steps of the Selective Laser Sintering (SLS) process.
Main build steps of parts by the SLS process
1 A thin layer of powder is deposited across the build volume
2 Laser ‘scans’ cross-section matching corresponding layer in the sliced CAD model, bonding particles to adjacent layers
3 Platform of build volume cylinder moves part downward by one layer
4 Steps 1–3 are repeated until the build is completed
5 Cooling down of build volume and post-processing
Fig. 1. Structure of SLS Nylon-12: (a) SEM of unsintered Nylon-12 powder; (b) micrograph of sintered Nylon-12 granular-solid (images curtsey of M.M.
Savalini and H. Zarringhalam, Loughborough University, UK).
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microscope (SEM) and micrograph images distinguishing the physical characteristics of unsintered and sintered Nylon-12.
From a phenomenological viewpoint, SLS Nylon-12 is a material which exhibit dilatancy and sensitivity to hydrostatic
stress. From a structural viewpoint, they are substances composed of mutually contacting solid particles, within a liquid
and/or gaseous phase (Feda, 1982). In general, it is normally considered as a two-phase, porous system. A signiﬁcant feature
is that deformation is brought about by mutual sliding of structural units (intergranular deformation), in contrast to defor-
mation of individual structural units (intragranular deformation) of a continuous media. Therefore, mechanical behavior is a
complex reﬂection of their structure, which is essentially of the autonomy of motion of the structural units. This is why it
radically differs from the mechanical behavior of continua, which form the elementary particles. For a comprehensive review
on the friction based deformation, which governs strength behaviors, the reader is referred to Feda (1982); Narkis and Rosen-
zweig (1995); Cambou (1998); Oda and Iwashita (1999) and Antony et al. (2004).Fig. 2. Uniaxial nominal stress/strain curves of SLS Nylon-12 granular-solid in compression and tension.
Table 2
Mechanical properties of SLS Nylon-12 granular-solid (uniaxial compression and tension tests).
Properties Compression Tension
Young’s modulus (E) (MPa) Ec = 741 Et = 1600
Poisson’s ratio (t) t = 0.3 t = 0.3
Yield strength (ry) (MPa) ry(c) = 54 ry(t) = 44
Peak strain (ep) ep(c) = 15% ep(t) = 9%
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This section reports the combined responses of SLS Nylon-12 granular-solids in compression and tension. Although
experimental work on the compressive and tensile behavior has been reported (Ajoku et al., 2006; Zarringhalam et al.,
2006; Hague et al., 2004), previous studies have separated compressive and tensile behavior, and comparative responses
have not been reported. Studies on the combined compressive/tensile behavior were scarce, despite their signiﬁcance in
the design of load bearing structures. Experiments in both have been reported by Ajoku et al. (2006) and Hague et al.
(2004). Uniaxial compression/tensile tests performed according to ISO 604 and ISO 527, respectively, were analyzed to pro-
duce a combined stress/strain plot (Fig. 2). The average mechanical properties in compression/tension are given in Table 2.
Optimally sintered SLS Nylon-12 granular-solids with density of q = 0.97 g/cm3 has a tensile yield strength ry(t) = 44 MPa,
which is about 81% of the compressive yield strength ry(c) = 54 MPa. The observed responses are in qualitative agreement
with the behavior normally displayed by concrete and other geomaterials (Chen and Han, 1988). The test showed different
elastic stiffness in tension and in compression (bimodulus material). Young’s modulus in compression Ec = 741 MPa is about
46% of that in tension Et = 1600 MPa. Compressive behavior is rather ductile, with a softening post-peak branch which tends
to stabilize on a horizontal plateau at residual strength. The response under tensions is not perfectly brittle and exhibit sub-
tle strain hardening. In post-yield, failure of the brittle cohesive bonds formed from the sintering process is initiated. This is
typically associated with the failure of the crystalline cement or material bridge formed by means of interaction forces be-
tween atoms, ions and molecules of crystal lattices of continuous solids. Failure of brittle bonds would lead to the formation
of friction bonds. It is only at the onset of yield, SLS Nylon-12 granular-solid starts to take the character of a granular
material.
3. Modeling and calibration of material parameters
The combined experimental results from Ajoku et al. (2006) and Hague et al. (2004) showed marked differences in com-
pressive/tensile responses (see Fig. 2) typical of a granular-solid material. Hence, the failure criterion chosen must account
for yield as a function of hydrostatic pressure. In this study, the Drucker–Prager (D–P) elastoplastic model is calibrated on the
basis of the experimental ﬁndings in Section 2, and is used for the numerical analysis to assess the stresses developed in the
optimized beam design which results are presented in Section 7.
3.1. Drucker–Prager (D–P) elastoplastic model
Within the approach of continuum mechanics, among other constitutive models, the elastoplastic model of D–P was an
appropriate choice for modeling SLS Nylon-12 granular-solid under biaxial stress states. The D–P model is available in the FE
code employed for the numerical analyses. The yield function f is a modiﬁcation of the von Mises criterion which the inﬂu-
ence of a hydrostatic stress component (I1) on failure is introduced by inclusion of an additional term to givef ðI1; J2Þ ¼ aI1 þ
ﬃﬃﬃﬃ
J2
p
 k ¼ 0 ð1Þwhere the stress invariants I1, I2 and J2 are deﬁned asI1 ¼ r1 þ r2 þ r3; I2 ¼ r1r2 þ r2r3 þ r3r1; J2 ¼
1
3
I21  3I2
 
ð2Þaand k are material constants determined from the uniaxial compression and tension tests data.a ¼ 2 sinUð3 sinUÞ
ﬃﬃﬃ
3
p ; k ¼ 6C cosUð3 sinUÞ
ﬃﬃﬃ
3
p ð3Þwhere C is the cohesion constant and U is the angle of internal friction. When a = 0, (1) reduces to the von Mises criterion.
The D–P yield surface is a circular cone, with the material parameters chosen such that it corresponds to the outer apices of
the hexagonal Mohr–Coulomb yield surface. Parameter U controls the opening of the cone-shaped yield surface in the prin-
cipal stress space. The D–P criterion for biaxial stress state is represented by the intersection of the circular cone with the
coordinate plane of r3 = 0. Substitution of r3 = 0 into (1) leads to (4), which yield locus is an off-centre ellipse.
Fig. 3. Calibrated Drucker–Prager yield locus of SLS Nylon-12 granular-solid in the biaxial stress space (r1, r2).
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
r21 þ r1r2 þ r22
 r  k ¼ 0 ð4Þ3.2. Calibration of D–P elastoplastic model
The failure locus of SLS Nylon-12, characterized by failure points A1 to A4, B1 to B4, and C1 and C2, is plotted in Fig. 3.
To characterize the failure domain in the biaxial stress space (r1, r2), it is imposed that the yield locus at peak stress
contain points (ry(c), 0) and (ry(t), 0) obtained from the uniaxial compression and tension tests. Material constants a
and k are determined from the two characteristics strength values. In our case, compression failure strength (ry(c))
and tensile failure stress (ry(t)) are available. Substituting stress states (r1 = r2 = 0, r3 = ry(c)) and (r1 = ry(t),
r2 = r3 = 0) into (1), we havearyðcÞ þ 1ﬃﬃﬃ
3
p ryðcÞ  k ¼ 0; aryðtÞ þ 1ﬃﬃﬃ
3
p ryðtÞ  k ¼ 0 ð5ÞNoting that ry(c)  1.23ry(t) and ratio m = ry(c)/ry(t), solving (5) leads tok ¼ 2ryðcÞðmþ 1Þ
ﬃﬃﬃ
3
p ¼ 792
ﬃﬃﬃ
3
p
49
; a ¼ ðm 1Þðmþ 1Þ
ﬃﬃﬃ
3
p ¼ 5
49
ﬃﬃﬃ
3
p ð6ÞSubstituting (6) into (3) and solving for U and C, we obtain the material constantsU ¼ sin1 9a
2
ﬃﬃﬃ
3
p
þ 3a ¼ sin
1 15
103
 
; C ¼ k secUðsinU 3Þ
2
ﬃﬃﬃ
3
p ¼ 54
ﬃﬃﬃﬃﬃﬃ
11
59
r
ð7Þ3.3. Modeling granular-solid structures using Drucker–Prager (D–P) elastoplastic model
In this study, static nonlinear structural analysis of the granular-solid beams was performed using the D–P model in
ANSYS Multiphysics. The FEA code formed the basis of the numerical analysis and was used in conjunction with MD. Since
layout optimization is performed on the cross-section, a 2D model is sufﬁcient. PLANE42 4-node 2D solid element, with a
‘real constant’ thickness of 20mm is used. The D–P model in ANSYS requires three material constants as inputs; cohesion
(where C > 0), angle of internal friction (U), and the dilatancy angle (a). It should be noted that cohesion C in (3) is not a rep-
resentation of the true cohesion stemming from a physico-chemical process, but rather a consequence of linear approxima-
tion (Tobita and Oda, 1999). The amount of dilatancy is controlled by a. If a =U, ﬂow rule is assumed to be associative. When
a = 0 (or a <U), there is no (or less of an) increase in material volume when yielding, and the ﬂow rule is assumed to be
nonassociated.
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The design of a beam is usually inﬂuenced by the maximum normal stresses (rmax). For a beam with nonuniform cross-
sections, the design is optimum if modulus Smin at every cross-section satisﬁesrmax 6
jMjmax
Sminwhere |M|max is the maximum bending moment in a given section, and S = I/c is the elastic section modulus, with I and c the
second moment and distance from the neutral axis, respectively. A beam designed in this manner is known as a beam of
constant strength. The design/optimization task is to ﬁnd an elastic beam with optimal transverse topology, using a layout
optimization approach to reduce structural compliance and mass, subject to stress and deﬂection constraints. The type of
structure considered is a horizontal prismatic beam, under simply-supported bending. While minimization of structural
compliance is useful in some applications, this is not the case here. In this study, the beam is to be optimized to attain a tar-
geted deﬂection under the applied load maximum. Layout optimization is performed primarily through removal material
from an initially overdesigned solid prismatic beam. The optimization problem is thus formulated asminimize ms
subject to rðmaxÞ 6 ryðtÞ
dyðmaxÞ 6 dy
where ms is the mass, ry(t) is the yield (or failure) stress of the material in pure tension, r(max) is the maximum allowable
stress (rEQV), dy is the vertical deﬂection constraint, and dy(max) is the maximum allowable vertical deﬂection at midspan.
The design variables for the case of a layout optimization by material distribution approach are binary discrete variables,
in the form of discretised FE’s. The introduction of an element corresponds to the addition of material, and the removal of
an element corresponds to the creation of a void.
4.1. Design domains, geometric constraints, boundary and loading condition, and criteria
The design domain is the search space where the beam is ‘metamorphically’ developed, by element (or material) growth
and degeneration. The schematic diagram of the initial design, which is a prismatic beam of span (L) to height (H) aspect ratio
of 14:1, with design domains, geometric constraints, boundary and loading conditions, is illustrated in Fig. 4. A shape con-
straint is imposed, structural growth and degeneration is permitted to occur within the l by h rectangular design domains.
Removal of material is restricted in the nondesign domains. The optimized beam must retain a prismatic external geometry,
with planar surfaces. Continuity of support points A and C, and load point B was maintained throughout the optimization
procedure, to prevent rigid body motion. Distance (L) between supports A and C, and height (H), are nondesign variables.
The beam is modeled as statically determinate, simply-supported at points A (Ux = Uy = 0) and C (Uy = 0). In this study, we
seek a design of an elastic beam, optimized to carry a maximum concentrated transverse load of Fy(max) = 500 N, with a tar-
geted vertical deﬂection dy(max) = 12 mm (at midspan B), and to satisfy a material strength criteria (or stress constraint) of
rmax = 44 MPa, using the least possible amount of build material.
5. Optimization problem deﬁnition and methodology
5.1. Optimization problem deﬁnition
Within the scope of this study, prismatic beam with optimal longitudinal cross-sectional layout is determined using the
metamorphic development (MD) method. The design problem was therefore to minimize compliance f1(Ti) and/or weight f2
(Ti) subject to geometric response constraints, can be formally deﬁned asFig. 4. Design domains, shape constraint, load and boundary conditions of the optimization model.
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T
f1ðTiÞ; f2ðTiÞjTi ¼ Y1i1  Y1i2 . . . Y2i1  Y2i2  . . . Y ‘i1  Y ‘i2  . . . ; Ti 2 Cg \P; Ykij 2 Pk
n o
ð8Þ
P ¼ P1 [P2 [ . . . [P‘; P#R2 ðor R3Þ ð9Þand constraint set Cg in (8), is deﬁned ashjðTiÞ 6 0; j ¼ 1;2; . . . ; n; ð10Þ
KiUi ¼ Pi; UTi KiUi > 0 ð11Þ
Ykij 2 Sk; Sk ¼ ðsk1; sk2; . . . ; sknk Þ; k ¼ 1;2; . . . ; ‘; ð12Þwhere f1(Ti): D \P? R and f2(Ti): D \P? R are real-valued objective functions associated with each topology structure Ti
withf1ðTiÞ ¼
Z
P
Fi  UidPþ
Z
~Ct
ti  Uid~Ct; ð13Þbeing the mean structural compliance, which is a positive quantity equal to twice the strain energy of the structure at equi-
librium, and f2(Ti) being the structural weight. The above constraints require that the structure to be generated within a spec-
iﬁed series of two or three-dimensional design domains (9), which satisfy structural response constraints (10), meet structural
stability equilibrium conditions (11), and are built from speciﬁed components (12). The following notations used areTi i-th topology structure
Ykij j-th element in i-th topology structure and an element of Pk
Pk k-th subdomain
hj(Ti) 6 0 structural response constraints
Ki Ui = Pi equilibrium condition
UTi KiUi > 0 immobility condition
Ki stiffness matrix of Ti
Ui displacement vector of Ti
Pi load vector if Ti
Fi force vector of Ti
ti applied traction on boundary ~Ct
Sk geometry of Ik
5.2. Optimization methodology
The optimization problem deﬁned above is solved using MD, which is a shape/topology optimization method powered
with mechanisms for both structural growth and degeneration. Growth is guided to occur only at selective locations known
as ‘growth cones’, which is deﬁned as a local section of structural surface with high strain energy, high compliance, and/or
high stress (Liu et al., 2000). Growth implemented by growth cones are based on the following conditions:
 The addition of elements (or structural material) creates new paths for load distributions;
 The addition of elements to these areas can disperse high strain energy and reduce high compliance;
 High stress can be decentralized by addition of elements.Fig. 5. Types of growth cone network topologies of MD.
Fig. 6. Structural dynamic growth factor versus hybrid constraint function.
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MD may be described in terms of the various network topologies, shown in Fig. 5.
Growth and degeneration is controlled by a dynamic growth factor (DGF). A general example of the DGF is shown in Fig. 6.
The values of max(i)+, min(i)+, min(i)-, and max(i)- vary throughout the optimization procedure and depend on factors such
as the scale of the structure, size of structural surface, and symmetry in one or more directions. The values and factors which
determine the DGF may vary from each iteration to the other. Hence, the DGF is an adaptive function, changing from one
structural topology to another. The rate of structural growth and degeneration is dynamically regulated by the DGF and
is a function of structural performance, response constraints, and the calculated stress (and/or strain energy). G(Ti) repre-
sents a hybrid constraints function and is determined by comparing structural responses (i.e. stress or deﬂection) within
the speciﬁed limits deﬁned byGðTiÞ ¼
Xn
j¼1
wjhjðTiÞ ¼
Xn
j¼1
wj RjðTiÞ
		 		 Rj
			 			  ð14Þ
where Rj(Ti) is the j-th structural response, n is the number of the response constraints, R

j is a user speciﬁed target for the j-th
response, and wj is a weighting function. The values of G(Ti) at points A and B are speciﬁed asA ¼
Xn
j¼1
wj R

j
			 			; B ¼ A
2
ð15ÞFig. 7. General process ﬂow of the MD method.
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piecewise linear function of G(Ti). The adaptive nature of the DGF improves the algorithm’s speed of convergence, making
MD computationally efﬁcient (Liu et al., 2000).
In the present optimization problem in this paper, the Rj(Ti) in (14) can be the calculated value of the maximum displace-
ment or the maximum stress (in these cases n equals to one) or both (in this case n equals to two).
Fig. 7 shows the process ﬂow of the MD procedure. The MD algorithm employs a hierarchical optimization approach. If
optimization is started from an under designed model, initially, the objective function f1(Ti) for structural compliance is min-
imized. At this stage, the objective function f2(Ti) for structural mass is ignored until all structural response constraints are
satisﬁed. In the initial stages, a positive growth factor is employed, where more elements are added than removed. In the
later stages, a negative growth factor is employed. Elements which carry no load or undergo relatively low stress are re-
moved. Conversely if optimization were to start from an over designed model, the opposite design route will be taken, as
opposed to the one as mentioned. Convergence is deemed to have occurred when all design criteria and constraints are sat-
isﬁed, and structural mass cannot be further reduced.
6. Specimens preparation and 3-point bending (3PB) tests conﬁguration
Assessments of the performance of the initial and optimized beams were performed using 3PB tests. The geometry of the
test specimens and the test conﬁguration are shown in Fig. 8. A total of ten specimens were tested for each experiment. Test
specimens were built on a 3D Systems Vanguard-SI LS machine, at 11W laser power with 165 mm/s scan speed, 0.1 mm scan
spacing and 0.1 mm layer thicknesses, using a mix of approximately 67% used and 33% virgin powder. Tests were performed
on a Lloyd loading machine (Model LRX) with bearing capacity of 1 kN. Test specimens were produced according to the
geometry ratio of the ISO 178 standard. The chosen dimensions are a compromise between the optimum size for the ma-
chine and small enough to fail at loads not exceeding the test rig limit. In the tests, the beams are supported at supports
A and C, spaced 140 mm apart. Tests were performed under a vertical displacement control load cell, at a rate of 25 mm/
min with a preload of 5 N, at midspan B. Load/displacement (Fy/dy) curves recorded from the tests are compared on the basis
of the results obtained from the numerical analysis.
7. Results
7.1. Optimization results of SLS Nylon-12 beam
Layout optimization of the prismatic beams by MD took 27 recurring iterations to converge, as Fig. 9a–e shows. The test
specimens were produced by means of an additive approach, contrasting conventional subtractive-based method where the
voids are created by removal of material from a solid part. Fig. 10 shows the stress (rEQV) distribution of both the initial and
optimized beams. Removal of material was particularly concentrated at the vicinity of the supports and along the neutral
axis (Fig. 10a). Voids or openings were created in such a way where that the compression zone is not separated. Due to
an imposed design constraints, material at the external prismatic ‘frame’ was retained. In order that the surfaces remainedFig. 8. 3-point bending (3PB) test scheme of SLS Nylon-12 beams: (a) initial solid beam; (b) topologically optimized beam. All dimensions in mm.
Fig. 10. Stress (rEQV) contour plots Nylon-12 granular-solid beam under simply-supported bending: (a) initial design, (b) topologically optimized design.
All units in MPa.
Fig. 9. MD optimization history of granular-solid prismatic beam (Fy = 500 N, dy = 12 mm): (a) iteration-0 (initial design); (b) iteration-5; (c) iteration-10;
(d) iteration-15; (e) iteration-27 (optimized design).
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the material is removed, resembled that of a ‘Vierendeel’ truss, as Figs. 9e and 10b shows.
The number of iterations required for the targeted deﬂection limit (dmax), is shown in the convergence and history plot in
Fig. 11. With the removal of redundant material, dy was increased from approximately 11.14–11.94 mm, to satisfy the tar-
geted deﬂection. Mass (ms) was reduced from approximately 27.16–20.46 	 103 kg. Strain energy (U) was increased from
approximately 14.98–18.85 J. Maximum stress (rmax) was maintained constant, at a value close to the imposed strength cri-
teria (ry(t)) throughout the optimization procedure. The design attributes are summarized in Table 3.
Fig. 12 shows the variation of plane stress (rEQV) and shear stress (sxy), over length L, of the upper planar surfaces of the
initial and optimized beams. Material located directly under the load is subjected to maximum stress, as Fig. 12a shows. The
variation of rEQV over L on the initial beam is represented by a ‘south-opening’ hyperbola curve, with a ‘vertex’ point of rE-
QV = 45.88 MPa. Along L = 0 to L/4, and 3L/4 to L, variation of rEQV was initially represented by a steep gradient, which then
ﬂuctuates along the upper surfaces of the ‘compressive struts’, adjacent to the corner frames. Variation of rEQV over the mid-
Fig. 11. Optimization convergence and history plot: (a) convergence plot, (b) history plot.
Table 3
Attributes of the optimized SLS Nylon-12 granular-solid beam.
Design attributes Initial Optimized
Structural mass (ms) (	103 kg) 27.16 20.46
Deﬂection (dy) (mm) 11.14 11.94
Maximum stress (rmax) (MPa) 44.21 44.25
Average strain energy (U) (J) 14.98 18.65
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to that of the initial beam. Shear (sxy) is equal to zero under the concentrated load, as Fig. 12(b) shows. Variation of sxy along L
on the initial beam is relatively uniform. Fluctuations of sxy along L on the optimized beam somewhat resembled a ‘damp-
ened oscillation’, with varying ‘shear amplitude’. These were most signiﬁcant at portions L = 0 to L/4 and 3L/4 to L.
7.2. 3PB experimental and numerical modeling results
Fig. 13a and b shows the load/displacement (Fy/dy) curves obtained from the experiments and numerical analysis of the
initial and optimized beams, under a quasi-static concentrated load, with vertical displacement control load cell, at a rate of
25 mm/min.
From Fig. 13a, the initial elastic/linear portions of the Fy/dy curves of the initial beams are represented by straight lines
with near identical slopes. The beams exhibit strain hardening after yielding, eventually attaining load maximum
(Fy  700 N), at the onset of plastic deformation. When Fy/dy is further increased beyond the load maximum, considerable
plastic deformation was observed, prior to rupture at midspan. Specimens were found to give an average rupture load of
Fy  680 N (at dy  35 mm). The average work done to load maximum and rupture was recorded as, 13.83 and 18.59 J,
respectively. Fy/dy curves predicted numerically revealed that strain hardening is followed by discrete ‘load ﬂuctuations’,
upon the load maximum to rupture. This feature was not recorded by the experiments.
Yield zone assessment on the superimposed plane rEQV contour plot (Fig. 14) conﬁrmed that plastic deformation is most
signiﬁcant on both compression and tensile faces at midspan. sxy at portions between the supports and load point is elastic.
Regions adjacent to the ends and along the neutral axis away from the midspan remained relatively unstressed.
The Fy/dy curves of the optimized beam specimens are represented by straight lines of dissimilar gradients with slight
differences in elastic stiffness, as Fig. 13b shows. In this case, the variations in elastic portion, onset of yielding to load
maximum and rupture, did not show marked differences. Specimens were observed to give an average load maximum
Fy  490 N (at dy  11.9 mm). Plastic deformation was not recorded and the beams were observed to ﬂex linearly, under
the tested loading spectrum. When Fy/dy is increased beyond the load maximum (FyP 490 N), rupture was observed to
be catastrophic. The average work done to load maximum and rupture was recorded as 1.89 and 2.02 J, respectively.
Variations in rupture loads among specimens showed marked differences. Most specimens did not achieve fully the pre-
dicted qualitative response.
Fig. 12. Stress analysis of the initial and optimized beams: (a) Plane stress (rEQV) and; (b) shear (sxy) variation along distance L on the upper beam surface.
Fig. 13. Load/displacement (Fy/dy) curves of SLS Nylon-12 granular-solid beams 3PB test and FE model: (a) initial beam; (b) optimized beam.
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pressed slender horizontal faces, denoted by F and G, as Fig. 15 shows. This response cannot be predicted using the current
continuum model without incorporating new features. Specimens were observed to fail/rupture catastrophically at points D
and E, indicated by the superimposed experimental/numerical analysis results. Numerical analysis indicated that sxy is max-
imum/minimum, at a pair diagonal truss topology, denoted by points D and E. Failure was associated with brittle shearing of
the diagonal truss topologies. Failure stress predicted numerically was sxy = 0.458 MPa.
8. Discussions
A design solution for an elastic horizontal prismatic beam with optimal layout, under simply-supported bending, was
determined using MD. Elements (or materials) which undergo relatively low bending stress were progressively identiﬁed
and removed. Reduction in mass was of 24.7%. Conversely, the average strain energy was increased by 20.5%, for a more
evenly stressed structure of minimal weight. Despite the removal of material, strength was not compromised, under the cur-
rent loading case to satisfy the targeted deﬂection. The optimized design satisﬁes all imposed design constraints and criteria.
As with any heuristic design optimization method, the MD method cannot guarantee a global optimum solution, but it has
Fig. 14. Elastic and yield zone assessment on the superimposed plane stress (rEQV) contour plot of the initial Nylon-12 granular-solid beam under simply
supported bending. All units in MPa.
Fig. 15. Failure/rupture assessment on the superimposed plane shear (sxy) contour plot of the optimized Nylon-12 granular-solid beam under simply
supported bending. All units in MPa.
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fected by the initial design (Liu et al., 2005).
Modulus Smin at every cross-section of the optimized beam was found to satisfy the strength criteria deﬁned by the sec-
tion modulus S, under the tested loading spectrums. The generation of truss topologies was characterized by the load trans-
fer mechanism, which depends on the span to height ratio. Beams with L/hP 3 require inclined tensile ties connecting the
horizontal ‘compressive struts’ to form truss topologies, and shear reinforcements to resist the inclined tensile stresses
(Kwak and Noh, 2006). Interestingly, similar beam-end topologies were obtained in studies conducted on the basis of other
optimization methods (Rozvany and Zhou, 1991; Zhou and Rozvany, 1991; Chu et al., 1996; Kim et al., 2000).
The combinatorial use of quadrilateral and triangular elements by MD greatly reduced peak stresses caused by sharp ver-
tices than the use of quadrilateral elements alone. Mathematically, stresses are inﬁnite at sharp concave vertices, but stress
functions of the numerical model were unable to model such state correctly (Olhoff et al., 1991). From a physical viewpoint,
neither vertices of inﬁnite curvature nor inﬁnite stresses should exist. Sharp concave vertices can be eliminated though post-
optimization by spline curve ﬁtting and remeshing the newly created layout (Ngim et al., 2007). In this study, the optimized
solution was retained, in order to facilitate the generation of an analysis model, and thereby investigate experimentally the
performance of design solutions obtained directly by MD.
Investigations of plane stress and shear variation was made on the upper planar surfaces, because stress concentrations
caused by the applied load are comparatively larger than deeper regions in the beam. Ideally, such investigations should be
made on the neutral axis. In this case, material along sections on the neutral axis of the optimized beam had been removed,
resulting in discontinuous stresses, which in effect, do not provide the basis for any useful comparative analysis.
The initial elastic slopes of the Fy/dy curves by the bimodulus constitutive approach is in good agreement with the exper-
imental results (Fig. 13a). The analyses converged smoothly where the qualitative and quantitative features of the responses
were reproduced. Load maximum, deﬂection at rupture and the amount of energy dissipated, were also in good agreement
with the experiments. Discrete load ﬂuctuations, at the onset of strain hardening to load maximum, were caused by the pro-
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ings of Zarringhalam et al. (2006). This feature, not recorded by the experiments of this current study, was primarily due to
the lack of sensitivity of the loading machine load cell used.
For the case of the optimized beams, the initial elastic slopes of the Fy/dy curves by the bimodulus approach were in good
agreement with the experiment results (Fig. 13b). From the 3PB test, it was seen that beam-type behavior of the optimized
design was slightly affected, as indicated by the slight differences of the gradients Fy(1)/dy(2)  Fy(2)/dy(2). From the test, only
qualitative features of the responses were reproduced, quantitative features were not fully reached. The dissimilar gradients
and variations in rupture loads recorded suggested that mechanical properties among test specimens were somewhat incon-
sistent. This has been shown by the uneven heat distribution in the build volume, inadequate heat supply from the laser and
insufﬁcient process temperatures (Ajoku et al., 2006), and the melt and crystallization temperature of the material (Zarrin-
ghalam and Hopkinson, 2006), by the SLS process, which results in test specimens not achieving optimal mechanical prop-
erties. To ensure that optimal mechanical properties are achieved, specimens are to be positioned in the center of the SLS
machine build volume, where process parameters are near optimal (Hague et al., 2004).
From the yield zone assessments, the initial beams undergo considerable plastic deformation prior to rupture, while the
optimized beams do not. The response under bending was ductile, due to the presence of an approximately equal amount of
material under compression/tension. However, the removal of material from the compression zone affected the ductile
behavior of the optimized beams. This had lead to failure by brittle shear, a feature typical of geomaterials. Failure/rupture
was catastrophic, where ‘fail-safe’ failure and ‘ultimate’ failure were somewhat indistinctive. It should be noted that the opti-
mal design shows a number of drawbacks like the reduction of strength and susceptibility to brittle fracture, with no chance
to dissipate energy prior to catastrophic failure, which may be an undesirable feature in some applications. The optimized
beam with the proposed design layout should remain safe, when loaded not exceeding maximum allowable limit. In this
study, the consideration of safety factor was not implemented. The fail-safe failure mode is taken to be the ultimate failure
criteria. In this case, the optimized structure is considered to have failed, once the elastic limit is exceeded.
9. Conclusions
A design procedure for characterizing the optimal structural performance of a granular-solid prismatic beam from an
additive manufacturing process has been presented. The attributes of the approach have been demonstrated through savings
in build material of 24.7%, without the compromise in structural performance. The procedure combined topology (or layout)
optimization, modeling and calibration of material parameters, and ﬁnite element (FE) simulation. The metamorphic devel-
opment (MD) method formed the basis of the generalized layout optimization used. A bimodulus constitutive Drucker–Prag-
er (D–P) model was calibrated on the basis of experimental failure points of the material used. The ﬁdelity of initial and
optimized beam designs was assessed by simply-supported three-point bending (3PB). Quantitative and qualitative features
of the structural responses of beams were investigated experimentally and numerically, and reproduced with reasonable er-
ror. For the optimized beams, quantitative features of the predicted responses were not fully reproduced by the experiments.
3PB test revealed marked differences in rupture loads and deﬂections, due to inconsistent mechanical properties among test
specimens. Manufacturing considerations of the placement of test specimens within the SLS machine build-volume where
process parameters are near optimal, should improve the consistency of mechanical properties of beams produced.
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